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Summary
Developments in spatial statistics have a long standing tradition of being drawn by specific
applications. In this paper we illustrate this point by showing how research driven by two
specific needs, namely sensitivity of agriculture to climate change and plant epidemiology
has lead to new developments in two branches of spatial statistics, respectively random field
theory and spatio-temporal point processes. In a first part, it is shown how skew-normal
distributions allow to define skew-normal random fields and how they can be used to build
a weather generator. In a second part, models for dispersal of propagules that can account
for rough anisotropies and a model for group dispersal are presented. The distribution of the
furthest dispersed point, a quantity of great interest for assessing expansion speed, is derived.
Keywords: anisotropy; Gaussian random field; group dispersal; skew-normal distribution
spatial point process; weather generator
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Introduction

In the introductory chapter of the “Handbook of Spatial Statistics” (Gelfand et al., 2010)
summarizing the historical development of spatial statistics as a recognizable sub-branch of
statistics, P. Diggle points out that spatial statistics has this specificity that it was pioneered
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by scientists working in different areas of applications (agriculture with R. Fisher, mining
industry with G. Matheron and forestry with B. Matérn) before being brought to the statistical community by two seminal papers by Besag (1974) and Ripley (1977). Since then,
spatial statistics has been enriched with many important contributions, in particular in the
field of asymptotic theory for geostatistics (Stein, 1999), model based geostatistics (Diggle
et al., 1998; Diggle and Ribeiro, 2007) and hierarchical modeling (Banerjee et al., 2004),
multivariate modelling (Wackernagel, 2003), spatio-temporal processes (Cressie and Wikle,
2011) and marked point processes (Schlather et al., 2004). In terms of applications, from the
traditional geoscience area, spatial statistics has spread towards any science collecting and
analyzing spatial data, e.g. ecology, disease mapping, epidemiology, geography economics
and astronomy.
Developments in spatial statistics have continued to be drawn by specific applications. It
is our aim to illustrate this point from our own research perspective. We are statisticians
members of BioSP, a statistical and mathematical group working on developments and applications of spatio-temporal processes in the French National Agricultural Research Institute.
Our research must thus bring value to the analysis of the data brought by our collaborators.
Yet, at the same time, we are also motivated by the development of new spatio-temporal
statistical models and methods. We will thus show how research driven by specific needs,
namely sensitivity of agriculture to climate change and plant epidemiology and ecology has
lead to new developments in two branches of spatial statistics, respectively random field
theory and spatio-temporal point processes. In Section 2 we will present a class of random
fields for modelling skewed data such as temperature, humidity or radiation. It will also be
shown how skew-normal distributions are used for building a weather generator. In Section
3, it will be shown how dispersal studies in plant epidemiology and ecology lead to build
new anisotropic and random intensity functions for spatial point processes. Because we are
interested in dispersal of propagules, unusual characteristics of spatial point processes are
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investigated, e.g. the distribution of the furthest point of a point process which is related
with the expansion speed of a disease or a plant population.

2

Skew-normal processes for environmental and climatic data

The ubiquitous assumption of normality for modeling spatial and spatio-temporal data can
be understood for many reasons. A major one is that the multivariate normal distribution is
completely characterized by its first two moments. In addition, the stability of multivariate
normal distribution under summation and conditioning offers tractability and simplicity. But
for a wide range of applications in environment, climate studies and ecology Gaussian spatial
or spatio-temporal models cannot reasonably be fitted to the observations.
How to best integrate spatial or temporal skewness (when necessary) is still an open
debate and many different approaches can be proposed. The classical strategy, well known
in geostatistics (Wackernagel, 2003; Chilès and Delfiner, 1999), consists of transforming a
spatial field into a Gaussian one. Besides the problem of choosing the adequate transform,
there are a few difficulties associated with this method. Another strategy is to assume that
the random field follows a specific process. The family of the complete skew-normal (CSN)
distribution is an extension of the Gaussian distribution which admits skewness while at the
same time retaining most of its tractability: it is closed under summation, marginalization
and conditioning (González-Farı́as et al., 2004; Genton, 2004). Allard and Naveau (2007)
proposed a novel way of modeling skewness for spatial data by working with this family.
Karimi and Mohammadzadeh (2010) have used the CSN distribution for Bayesian spatial
regression. It is however time consuming and can be difficult to implement.
We shall first make a brief presentation of the multivariate closed skew-normal distribution. We shall then show how this family can be used for modelling spatial data. We will
then turn to climatic data in the view of building a weather generator.
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2.1

The multivariate closed skew-normal distribution

An n-dimensional random vector Y is said to follow a multivariate closed skew-normal disµ , Σ , D, ν , ∆ ), if its density function is of the form
tribution, denoted by CSNn,m (µ
′ ΣD),
f (y) = cm φn (y; µ , Σ ) Φm (D′ (y − µ ); ν , ∆ ), with c−1
m = Φm (0; ν , ∆ + D ΣD

(1)

where µ ∈ Rn , ν ∈ Rm , are vectors of expectation, Σ ∈ Rn×n and ∆ ∈ Rm×m are covariance
matrices, D ∈ Rn×m is a transformation matrix and φn (y; µ , Σ ) and Φn (y; µ , Σ ) are the
pdf and cdf, respectively, of the n-dimensional normal distribution with mean vector µ and
covariance matrix Σ , and D′ is the transpose of the matrix D. If D = 0, the density
(1) reduces to the multivariate normal one. From its moment generating function it is in
theory possible to derive the expectation, variance and skewness coefficients of Y, but these
expressions are not easy to handle, even for small dimensions of m. In a spatial context, it
implies that only simple structures for ∆ and D can be investigated. We will show below one
possible parametrizations for a spatial CSN model.
µ, Σ , D, ν , ∆ ) distribution defined by (1) can be generated in the following
The CSNn,m (µ
way. Let U be a Gaussian vector of dimension m and consider the augmented Gaussian
vector (U′ , Z′ )′ such that
!
U
d
= Nm+n
Z

ν
0

!

,

∆ + D′ΣD −D′Σ
ΣD
−ΣD
Σ

!!

,

(2)

d

where = denotes equality in distribution. Then it is straightforward to show that, conditional
on U ≤ 0, the random vector
Y = µ + [Z|U ≤ 0]

(3)

µ, Σ, D, ν , ∆ ) distribution defined in (1). The notation
is distributed according to the CSNn,m (µ
U ≤ 0 corresponds to Ui ≤ 0, for all i = 1, . . . , m. This construction offers in theory a wide
range of possible models depending on the choice of µ , ν , ∆ , Σ and D, but considerations
seen above will limit the range of models that can be used in practice. Since the parameter
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ν in (1) is a redundant quantity in the expression Φm (D′ (y − µ ); ν , ∆ ), it is set to ν = 0 in
the rest of this paper.

2.2

Building a spatial skew-normal process

We now define a CSN random process {Y (s)}, s ∈ D as a generalization of (3)
d

Y (s) := µ(s) + [Z(s) | U ≤ 0].
Thus, for any n and any vector Z = (Z(s1 ), . . . , Z(sn ))′ , Equation (3) holds. The vector Y
can also be expressed as a sum of two independent processes. Let us introduce
!!
!
!
∆ + D′ΣD 0
U
0
d
,
,
= Nm+n
V
0
0
In
where In represents the identity matrix of size n. Then the vector Z is set equal to −FU +
∆ +D′ΣD
ΣD
∆ +D′ΣD
G1/2 V with F = ΣD
ΣD(∆
ΣD)−1 and G = Σ −ΣD
ΣD(∆
ΣD)−1 D′Σ . This is a multivariate
Gaussian vector with zero-mean vector and covariance Σ and, more importantly, the bivariate
couple (U′ , Z′ )′ satisfies (2). The independence of U and V allows us to write
d

Y = µ + F[U | U ≥ 0] + G1/2 V.

(4)

In Naveau and Allard (2004) and Allard and Naveau (2007), several parametrizations are
explored. In particular, the integer m is assumed to be a known quantity, large enough in
order to impose sufficient skewness. Allard and Naveau (2007) proposed that m = n, ∆ = Σ
and that Σ corresponds to a covariance function C(h) computed at all pairs of locations
si , sj , with 1 ≤ i, j ≤ n. Such a construction corresponds to equating the hidden points
which define implicitly the elements of U with the observed ones. This model is thus referred
to as the homotopic model. To simplify the interpretation of the model, it is further assumed
that D = δIn , where δ ∈ R is a single parameter controlling the skewness. When δ = 0, Y is
independent of U, i.e. Y is a Gaussian vector with expectation µ and covariance matrix Σ .
As δ2 increases, the vector Y tends to a proper truncated Gaussian vector as δ2 increases.
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With this parametrization, (4) becomes
d

Y =µ+

δ
1
[U | U ≥ 0] + √
Σ 1/2 V.
2
1+δ
1 + δ2

(5)

The vector Y is thus a weighted sum of a sample from a stationary process with covariance
function proportional to C(h) and a vector U conditional on U ≥ 0, whose covariance function
is (1 + δ2 )C(h).
For computing the moments of Y, results on moments of the truncated multivariate
normal distribution given in Tallis (1961) have been used in the decomposition (5). For ease
of exposition we will now assume that µ = µ (1, . . . , 1)′ .
The expectation of the experimental variogram computed on the data, denoted E[γ̂Y (h)],
can be related to expressions involving second order moments of U. Based on these moments,
it is thus possible to estimate the paramerers µ and γ(h) = C(0) − C(h) of the model in (5).
The method is described in details in Allard and Naveau (2007). It consists in: (i) estimating
the range and smoothness parameters of the variogram of Y for a given parametric family (e.g.
Matérn class) based on the experimental variogram computed on the data; (ii) computing
the corresponding second order quantitites involved in E[γ̂Y (h)]; (iii) estimating δ and σ 2 by
equating γ̂Y (h) to its expectation E[γ̂Y (h)]; iv) estimating µ from the theoretical expression
of E[Y]. Steps iii) and iv) correspond to a method of moment estimators.
This model and the estimation of its parameters are now illustrated in Figure 1. The top
left panel shows one realization at n = 100 sample locations within the unit square of the
spatial homotopic model with (µ, σ 2 , δ) = (1, 1, 3) and an exponential covariance function
C(h) = exp{||h||/0.1}. The histogram, strongly positively skewed, shows clearly that the
model is capable of generating a fair degree of skewness with δ = 3. The sample variogram
(bottom left) indicates a spatial structure up to a distance of around 0.3, i.e. the practical
range. However, the variance values corresponding to the sill in the variogram is around
0.7, smaller than the value of 1 taken by σ, in agreement with theoretical results. The
estimated parameters are (µ̂, σ̂ 2 , δ̂, â) = (1.30, 1.15, 3sh.27, 0.062). The theoretical variogram
6

corresponding to these parameters is also displayed (dashed line). The bottom right panel
shows the average of 100 sample variograms with the theoretical variogram corresponding to

0.3
0.1

0.0

0.2

0.2

Density

0.4

0.4

0.6

0.5

0.8

0.6

1.0

the input parameters. The fit between sample and theoretical variograms is clear.

0.2

0.4

0.6

0.8

1.0

0.0

0.0

0

1

2

3

4

5

0.4

0.5

6

0.5
0.4
γ(h)
0.2

0.3

0.4
0.0

0.0

0.1

0.2

experimental / fitted variogram

0.6

0.6

0.8

0.7

Y

0.0

0.1

0.2

0.3

0.4

0.5

0.0

0.6

|h|

0.1

0.2

0.3

0.6

|h|

Figure 1: CSN spatial process with µ = 1, δ = 3 and exponential covariance function
C(h) = exp{−||h||/0.1}. Top left, simulation at n = 100 locations; top right, histogram.
Bottom left, sample and theoretical variogram with estimated parameters; bottom right
averaged sample variogram and theoretical variogram with input parameters.
This family of skewed-random fields offers the advantage of having very few parameters,
while integrating the classical spatial structures used in geostatistics and adding the possibility of generating a large degree of skewness throughout a single skewness parameter.
This model is easy to simulate, and we have shown that estimation of the variogram was
possible and accurate. However, many computational issues remain, in particular for spatial
proediction. We hope they will spur more research in the near future.
7

2.3

Wheater generators

Agronomical models need a large variety of daily weather data as inputs to model past,
present and future variability for yields, soil carbon, etc (Brisson et al., 2003). Such daily
inputs have to be simulated quickly and easily for long time periods at given locations and
for given climatic conditions. According to an old aphorism, “Climate is what you expect;
weather is what you get”. Middle school pupils would say: “Climate tells you what clothes
to buy, but weather tells you what clothes to wear”. Stochastic weather generators aim
at reproducing the statistical distributional properties of meteorological variables of a given
climate. In other words, for given climatic parameters (mean, (co-)variability of temperature,
precipitation, etc.), a weather generator will provide stochastically generated time series
simulating this climate.
Conceptually, the majority of statistical weather generators can be classified into two categories. The first one consists in pooling out analog days from a database of past observations
according to a given criterion and sampling from these analog days (Rajagopalan et al., 1997;
Rajagopalan and Lall, 1999; Boé and Terray, 2008). An important drawback resides in the incapability of creating new time series, i.e. unobserved meteorological situations. To alleviate
this undesirable feature, the second category of weather generators is based on stochastically
drawing random realizations from a statistical model whose parameters have been estimated
on a database of past observations (katz, 1996; Semenov and Barrow, 1997).
WACS-Gen is a stochastic parametric weather generator based on weather states and
multivariate closed skew-normal distributions. The general structure of WACS-Gen, which
involves mixtures of CSN distributions is first briefly described. It will then be shown how
parameters are estimated from recorded series and how stochastic simulations of new series
are performed. Finally, WACS-Gen will be illustrated on a climatic time series recorded
from 1973 to 1992 in Colmar (France) on five daily variables: maximum temperature Tx ,
minimum temperature Tn , precipitation P , wind speed V and total radiation R. A more
8

detailed presentation of WACS-Gen can be found in Flecher et al. (2010).

2.4

General structure of WACS-Gen

Seasonal variations
A normalization pre-processing of the data is first performed in order to filter out long term
and seasonal trends on each variable. The median and the average absolute deviation (mean
of absolute difference between the variable and its median) are smoothed by a spline function.
This smoothed median is then subtracted to the studied variable and the difference is rescaled
by the smoothed average absolute deviation. Estimation of all other parameters is done on
the residuals which are to be stochastically simulated. Residuals will be studied independently within the four following seasons: December-January-February (DJF), March-AprilMay (MAM), June-July-August (JJA) and September-October-November (SON). Precipation residuals, P , are further transformed independently for all seasons into P̃ = Φ−1
1 (G(P ))
where G represents the fit by a Gamma cdf.
Weather states
Meteorologically similar days are grouped together in “weather states” with use of the
mclust package in R (Fraley and Raftery, 2003). The transitions between successive weather
states are modeled by a first-order homogeneous Markov chain with NW states, where NW
is estimated from the data along with the clustering. Once the clustering has been achieved,
the weather state transition probability from w to w′ is simply estimated by counting the
transitions on the recorded series.
Multivariate modelling
To account for the skewness of the residuals, a multivariate CSN is fitted for each weather
state to the vector of residuals. It was found that mixtures of skew-normal densities could
adequately be fitted on (P̃ , R, V, Tn , Tx ). Note that for dry weather states, the variable
P̃ = 0 is not modeled. In the following, the number of modeled variables (either 4 or 5) will
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be denoted k. To make the parameter estimation possible, it was assumed, without loosing
1

1

1

the skew-normal flexibility, that D = Σ− 2 S and ∆ = Ik −S2 where Σ− 2 Σ− 2 = Σ−1 , Ik is
the k-dimensional identity matrix and S is a diagonal matrix with elements in [−1, 1]. With
this parametrization, the multivariate CSN density (1) becomes
1

f (y) = 2−k φk (y; µ, Σ) Φk (SΣ− 2 (y − µ); 0, Ik −S2 ),

(6)

which will be denoted CSNk∗ (µ, Σ, S). The vector µ parametrizes the shift from 0 of the
residuals for a given weather state, Σ their covariance matrix and diag(S) their skewness.
Temporal correlation
Temporal persistence is then modeled in the following way. Consider two consecutive days
t and t + 1 and their associated weather states, say wt and wt+1 . The transformed vector

X̃wt = Σ−1/2
Xwt − µwt ∼ CSN∗k (0, Ik , Swt ),
wt

(7)

can be shown to have independent margins distributed as CSN∗1 (0, 1, δw,i ). The pairwise
structure between the ith components of X̃wt and X̃wt+1 is then modeled by a correlation
coefficient depending on the variable, weather states and season. The vector X̃wt+1 is then
−1/2

back-transformed according to Xwt+1 = Σwt+1 X̃wt+1 + µwt+1 .
Parameter estimation
Conditionally to the weather state w, a maximum likelihood approach ignoring temporal
dependence is implemented to estimate the parameters of the distribution CSN∗k (µw , Σw , S w ).
The estimates are only slightly changed if the temporal dependence is taken into account in
the estimation procedure, which will be thus ignored. The temporal correlation coefficients
are estimated via the weighted moment approach described in Flecher et al. (2009).

2.5

Simulation algorithm

After estimating the parameters, the following algorithm simulates realizations of the five
dimensional vector of interest:
10

1. A season is chosen and one X̃(0) is randomly drawn.
2. The transition probabilities are used to generate a Markov chain sequence of weather
states: w1 , . . . , wt , . . . , wT .
3. For t = 1, . . . , T
(a) Given X̃(t) = xt and two consecutive weather states, wt and wt+1 , a realization
of the vector X̃(t + 1) taking into account temporal dependence is drawn.
1/2

(b) X̃(t + 1) is multiplied by Σwt+1 and µwt+1 is added in order to provide a proper
residual X(t + 1).
4. Residuals are multiplied by the absolute deviation and the median is added to account
for trends and seasonal effects.

2.6

Some results

Colmar is located in the north east part of France at an altitude of 175 meters. A twenty
year series is available from 1973 to 1992 for the five daily variables under study. Annual
precipitation amounts are about 530mm and the frequency of rainy days is about 1/4. The
climate is characterized by warm summers from June to September and cold winters. Both
oceanic and continental climate trades can affect this site. This produces an important
variability on the daily meteorology.
The mean behaviour of WACS-Gen has been illustrated in Flecher et al. (2010) on this
series. In particular, it was shown that univariate and bivariate densities are very well fitted
with the use of mixture of CSN densities. Then, on a set of thirty stochastic simulations of
20 years, densities, correlations between variables and temporal correlations were whown to
be correctly reproduced.
Here, we illustrate how variability is reproduced. Figure 2.6 illustrates the variability
generated by WACS-Gen on Tn for one 20 year long simulated series and compares it with
11

the recorded series. Each year, the mean value and the standard deviation for each calendar
month is computed. These statistics are then summarized with boxplots, one boxplot per
month. Comparison of monthly averages shows that the central tendency is quite well reproduced. However, the year-to-year variability of monthly averages is too low during the winter
while at the same time the monthly standard deviations are too high. This can be explained
by a lack of temporal persistance wich leads to less variable monthly averages and higher
monthly variances. Temporal persistance is further illustrated in Figure 2.6 which shows
the statistical frequency of freezing spells, i.e. number of consecutive days with Tn < 0.
Although the total number of freezing days is comparable (1143 on measured data; 1017 on
simulated ones), the simulated series show clearly more frequent short dry spells and less
frequent long ones. These statistics are very difficult to reproduce, since one single day with
positive minimum temperature is sufficient to break down a freezing spell into two shorter
ones.
Concerning precipitation intensity, a qq-plot analysis (not shown here) revealed that precipitation distributions are well reproduced by the generator at the exception of the largest
value The highest observed precipitation is 70 mm, while the highest simulated precipitations
are in the range 40-68 mm. Note however that the mean precipitation is well reproduced
and that on other sites than Colmar the opposite situation (simulated highest precipitations
larger than measured ones) has be observed (results not reported here).
In conclusion, WACS-Gen does indeed reproduce correctly central tendencies of climate.
It reproduces less correctly the variability, the statistics related to temporal persistance and
extreme values.
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Figure 2: Minimum temperature on the Colmar series. Top row: boxplots of monthly averages. Bottom row: boxplots of monthly standard deviations. Left: measured data. Right:
simulated data.

Figure 3: Distribution of freezing spells on the Colmar series. Left: measured data. Right:
simulated data.
13

3

3.1

Dispersal kernels in spatial point processes for plant epidemiology and ecology
Introduction

Estimating the dispersal of pollen grains, seeds or spores (small propagules which allow an
airborne plant disease to propagate) is of major concern to better assess and predict the spread
of plants and airborne plant diseases. Over a two-dimensional planar space, the dispersal
kernel is the probability density function of the random deposit location of a propagule
released by a source located at the origin. The shape of the kernel is an important topic in
dispersal studies because it strongly influences the spatio-temporal dynamics of organisms,
the spatial clustering and the spreading speed (Minogue, 1989; Mollison, 1977). The most
investigated feature of dispersal kernels is the decrease rate along radial distances and many
models have been proposed (Austerlitz et al., 2004; Klein et al., 2006; Tufto et al., 1997), some
of them allowing for long distance dispersal (heavy kernel tails). Non-monotonous dispersal
kernels have also been built to represent an increase at short distances and a decrease at
large distances of the density of deposited propagules (Colbach and Sache, 2001; Stoyan and
Wagner, 2001). In the following, we focus on two other kernel features which have been
less studied than the decrease rate but which however strongly influence the spatio-temporal
dynamics of organisms: anisotropic dispersal and group dispersal. The next two sections
illustrate the usefulness of spatial point patterns, spatial Brownian motions and Gaussian
random processes to represent anisotropic dispersal and group dispersal.

3.2

Anisotropic dispersal

In the models under consideration here, deposit locations of propagules emitted by a point
source at the origin form a spatial Poisson point pattern (Illian et al., 2008) with inhomogeneous intensity decreasing along radial directions. In addition the decrease along radial
directions is anisotropic, i.e. it varies with respect to the direction.
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Models based on 3D spatial Brownian motions describing spores transports (Klein
et al., 2003; Stockmarr, 2002; Tufto et al., 1997) allow the introduction of anisotropy by
adding trends to the horizontal components of the Brownian motions. Models presented in
Soubeyrand et al. (2008b) allow for 3D anisotropy by combining anisotropic planar dispersal
kernels and markov chains describing vertical moves of propagules. Another set of approaches
consists in incorporated von Mises functions commonly used to describe the distributions of
circular data (Fisher, 1995) into dispersal kernels to achieve anisotropy. Thus, in the models
in Herrmann et al. (2011); Wagner et al. (2004); Wälder et al. (2009), the Euclidean distance
from the source is multiplied by a function of the direction, typically a von Mises function.
The approach that we followed in Soubeyrand et al. (2007a, 2008a, 2009a) also uses von Mises
functions or more generally functions defined on the circle but these functions are used to
modify the parameter of the dispersal kernel as well as the source strength. This approach,
presented below, accounts for a double anisotropy in the dispersal of propagules.
3.2.1

”Anisotropizing” dispersal kernels

Let us consider a point source located at the origin of the planar space R2 . Suppose that
the deposit locations of propagules form a Poisson point process with intensity at location
x ∈ R2 proportional to the isotropic exponential dispersal kernel:


||x||
1
fiso (x) =
,
2 exp − β
2πβiso
iso
where || · || is the Euclidean distance and βiso > 0 is the dispersal parameter. This isotropic
kernel has been generalized in Soubeyrand et al. (2007a) into a doubly anisotropic exponential
dispersal kernel:


||x||
α(φ)
exp −
,
f (x) =
β(φ)2
β(φ)

(8)

where φ is the angle made by x, α(·) is a circular probability density function (pdf) and β(·)
is a positive circular function, both defined over [0, 2π). It can be easily verified that f is a
probability density function over R2 . The function α(φ) is related to the density of deposit
15

locations of propagules in direction φ, while β(φ) is the dispersal parameter in direction φ:
the larger β(φ), the further in expectation propagules are deposited in direction φ. Other
isotropic kernels can obviously be ”anisotropized” in the same way, such as e.g. Gaussian
kernels or geometric kernels (Soubeyrand et al., 2009a).
3.2.2

Specifying the anisotropy functions α and β

It was first proposed in Soubeyrand et al. (2007a) to specify α and β using von Mises functions
which are regular and unimodal functions defined over the circle,
α(φ) =

β0
1
exp{σα cos(φ − µα )} , β(φ) =
exp{σβ cos(φ − µβ )},
2πI0 (σα )
2πI0 (σβ )

where µα ∈ [0, 2π) is the mean dispersal direction and σα ≥ 0 is the dispersion around
µα ; µβ ∈ [0, 2π) is the direction along which propagules are deposited the furthest in expectation; σβ ≥ 0 the dispersion of dispersal distances around µβ and where β0 > 0 is a
multiplicative constant measuring how far from the source propagules are deposited; and
R 2π
I0 (σ) = (2π)−1 0 exp{σ(θ − µ)}dθ. Obviously, other parametric forms than von Mises
could be used, e.g. mixtures of von Mises functions, cardioid functions, wrapped Cauchy or
normal functions; see Fisher (1995).
These functions are very regular. To take into account rougher anisotropies, Soubeyrand
et al. (2008a) used circular Gaussian random processes (GRP) to specify the anisotropy
functions with
α(φ) ∝ exp(Zα (φ)) and β(φ) = exp(Zβ (φ)),
where Zα and Zβ are the realizations of two independent stationary circular GRPs with
circular correlation functions (CCF) Cα and Cβ . CCFs are generally obtained by using the
chordal distance as the argument of a correlation function defined over R. Let C denote a
valid correlation function over R, then C(2 sin(φ/2)) is a valid correlation function on the
circle with radius one. To model the dispersal of yellow rust spores, Soubeyrand et al. (2008a)
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built the following CCF without resorting to this technique:
C(φ) = 1 − sinδ (φ/2),

φ ∈ [0, 2π),

(9)

where δ ∈ (0, 2). This CCF is continuous but not differentiable at the origin so that a GRP
with CCF (9) is mean square continuous but not mean square differentiable. It can therefore
be used for rough processes. A model selection criteria showed that CCF (9) achieves the
best fit to these data among a large class of function.
3.2.3

Estimation

For propagules whose sizes are measured in micrometers (e.g. spores, pollen grains) and
propagules which are not detected easily in fields, orchards or forests, we do not generally
observe the point pattern formed by the deposited propagules. Instead we may observe discrete counts: numbers of spores collected in traps, numbers of symptoms on plants, numbers
of diseased plants or numbers of seedlings. The observed count data are modeled as random
variables whose distributions depend on the dispersal kernel; see Soubeyrand et al. (2007b)
who discuss the change of scales between the dispersal processes and the observation of data.
Finally, a likelihood may be written and inference based on this likelihood may be performed.
For example, Soubeyrand et al. (2007a) considered counts of wheat plants infected by the
yellow rust and fitted to data the kernel (8) incorporating von Mises functions by specifying a binomial observation process and using a Newton-Raphson algorithm to maximize the
likelihood. Exploiting the same data set, Soubeyrand et al. (2008a) fitted to data the kernel
(8) incorporating circular GRPs by specifying a binomial observation process and using a
Markov Chain Expectation Maximization algorithm (Wei and Tanner, 1990) to obtain maximum likelihood estimates of parameters and latent variables of their hierarchical model; see
Figure 4. Soubeyrand et al. (2009b) studied the spatio-temporal spread of powdery mildew
infecting plantago lanceolata, the data consisting in presence patterns of powdery mildew
in a set of about 4000 host plant patches. They included the kernel (8) incorporating von
17

Mises functions in their spatio-temporal model and fitted this model to data using a Markov
chain Monte Carlo (Robert and Casella, 1999) algorithm to assess posterior distributions of
parameters.
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Figure 4: Estimates of the anisotropy functions α (up to a multiplicative constant λ0 ) and
β based on circular GRPs (left). Estimate of the resulting anisotropic dispersal kernel up
to the multiplicative constant λ0 (right). The product of λ0 and the kernel is the intensity
function of the point process formed by deposited propagules.

3.3

Group dispersal

Group dispersal occurs when several propagules are released because of a wind gust, transported in the air into a more or less limited volume and deposited over a more or less limited
area. In propagation models for airborne plant pathogens and plants, deposit locations of
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propagules are usually assumed to be independently and identically drawn under the dispersal kernel. When group dispersal occurs the independence assumption is not valid anymore.
To represent group dispersal, Soubeyrand et al. (2011) resorted to a hierarchical structure of
dependence: at the first stage of the hierarchy, groups are independently dispersed; at the
second stage, propagules within each group are dispersed independently but conditionally on
the group transport. The resulting model can be viewed as a doubly stochastic point process
model also called Cox process (Illian et al., 2008). The model in Soubeyrand et al. (2011)
and some of its properties are described in what follows. One of the properties, namely the
distribution of the furthest point, is not commonly studied in point process theory but is
especially relevant in dispersal studies.
3.3.1

Group dispersal model (GDM)

Consider a single point source of propagules located at the origin of the planar space R2 .
The deposit location vector Xjn of the n-th propagule of group j (j ∈ {1, . . . , J} and n ∈
{1, . . . , Nj }) is assumed to satisfy
Xjn = Xj + Bjn (ν||Xj ||),
where Xj = E(Xjn | Xj ) is the final location vector of the center of group j, Bjn is a
centered Brownian motion describing the relative movement of the n-th propagule in group
j with respect to the group center, ν is a positive parameter and || · || denotes the Euclidean
distance.
The random variables J, Nj , Xj and the random processes {Bjn : n = 1, . . . , Nj } are
mutually independent. The number of groups J is Poisson distributed with mean value λ.
The Nj are independently drawn from the counting distribution pµ,σ2 defined over N with
mean and variance parameters µ and σ 2 , respectively. The group center locations Xj are
independently and identically drawn from the pdf fXj . This function can be characterized
by features usually associated with classical dispersal kernels, see Sections 3.1 and 3.2: the
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decrease of fXj at the origin is more or less steep, the tail of fXj is more or less heavy, the shape
of fXj is more or less anisotropic. The Brownian motions Bjn defined over R2 are centered,
independent and with independent components. They are stopped at time tj = ν||Xj ||. The
distance between the source and the location Xj is used, up to the scaling parameter ν, as a
time surrogate. Thus, the further a group is transported, the most the particules forming the
group are spread with respect to the group center. The value of ν determines the strength of
the relative spread from the group center. It follows that Bjn (ν||Xj ||) follow independent and
centered normal distributions with variance matrices ν||Xj ||I where I is the 2 × 2 identity
matrix. Figure 5 which shows a simulation of the GDM clearly illustrates the existence of
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Figure 5: Simulation of the group dispersal model with a single point source. Left: conditional
density of the deposit location of a propagule whose group it belongs to is unknown given
the locations of the group centers. Right: deposit locations of particles obtained under the
density shown on the left; the large dot indicates the location of the point source.
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3.3.2

Moments and generation of clusters

A first understanding of the ability of the GDM to generate multiple foci was achieved by
studying the moments of the number of propagules Q(x + dx) deposited in the infinitesimal
surface x + dx centered around x. The expectation, variance and covariance are derived in
Soubeyrand et al. (2011):
E{Q(x + dx)} = λµfXjn (x)dx
V {Q(x + dx)} = λ[µfXjn (x)dx + (σ 2 + µ2 − µ)E{φν,Xj (x)2 }(dx)2 ]
cov{Q(x1 + dx), Q(x2 + dx)} = λ(σ 2 + µ2 − µ)E{φν,Xj (x1 )φν,Xj (x2 )}(dx)2 ,
where fXjn is the probability density function of Xjn . It it thus the dispersal kernel of
propagules, satisfying
fXjn (x) =
Hence, φν,y (x) =

1
2πν||y||

E{φν,Xj (x1 )φν,Xj (x2 )} =

R

Z

R2

fXjn |Xj (x | y)fXj (y)dy =

Z

R2

φν,y (x)fXj (y)dy.



R
′ (x−y)
, E{φν,Xj (x)2 } = R2 φν,y (x)2 fXj (y)dy and
exp − (x−y)
2ν||y||

R2

φν,y (x1 )φν,y (x2 )fXj (y)dy. It has to be noted that for a counting

distribution over N characterized by mean µ > 0 and variance σ 2 , the quantity σ 2 + µ2 − µ
is positive; it is zero if and only if µ = 0 (which implies that σ 2 = 0) or (µ, σ) = (1, 0). This
implies that the covariance given above for the GDM is non-negative.
These moments were especially used to compare point patterns obtained under the GDM
with µ = 1 and under the independent dispersal model (IDM) with µ = 1 and σ = 0.
The extra-variance and the positive spatial covariance characterizing the GDM induce the
occurrence of aggregates (or clusters) in space, while such aggregates are not expected under
the IDM. These aggregates are at the origin of secondary foci visible in a spatio-temporal
context (i.e. when deposited propagules become sources at the next time step) without
resorting to heavy-tailed dispersal kernels or to spatial heterogeneity.

21

3.3.3

Furthest propagule

Of particular interest is the distribution of the furthest deposited propagule, because it determines the spreading speed (or invasion speed) in a spatio-temporal context: the more
concentrated the propagules, the lowest the spreading speed. Let Rjmax be the distance between the origin and the furthest deposited propagule of group j. Obviously, Rjmax = 0 if no
propagule is dispersed in group j. The distribution of Rjmax is thus zero inflated. Analytical
expressions of its pdf, fRmax
, and cumulative distribution function, FRmax
, can be found in
j
j
Soubeyrand et al. (2011).
Let now Rmax denote the distance from the source to the furthest deposited propagule:
Rmax = max{Rjmax : j ∈ J }. Under the GDM, the distribution of the distance between the
origin and the furthest deposited propagule is zero inflated and satisfies:


(r) − 1)},
(r) exp{λ(FRmax
P (Rmax = 0) = exp λ{pµ,σ2 (0) − 1} and fRmax (r) = λfRmax
j
j
for r > 0. The material provided allowed the analytic study of the probability that Rmax is
larger than a distance r > 0:
P (Rmax ≥ r) =

Z

+∞

fRmax (s)ds.

r

It especially followed that for every GDM and IDM characterized by the same dispersal kernel
for the propagules and the same expected number of dispersed propagules λµ, the furthest
propagule under the GDM has less chance to be at a distance greater than any r > 0 than
the furthest propagule under the IDM. Therefore, the population of propagules is expected
to be more concentrated under the GDM than under the IDM. In other words, the average
expansion speed under the GDM is expected to be lower than the average expansion speed
under the IDM.
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4

Discussion for further research

Based on work undertaken in two different fields of applications, the studies presented in this
article illustrate how application fields can bring the researcher to investigate new spatial
models and their features. This participates to the iterative process of research: in any
scientific field, once new results have been stated, one may be interested in refining them or
understanding the discrepancies between the results and the reality. This in turn leads to
new models and methods. This iterative process lead us to study skewed normal distributions
and anisotropic and group dispersal. On these two subjects further research are required.
Weather generators in general and WACS-Gen in particular present currently some limitations: 1) when multivariate they are local instead of being regionalized; 2) being designed
to reproduce first and second moments (means, variances and correlations) they do not reproduce correctly extreme values. Further research will be targeted at proposing models
and methods for a multivariate, multilocal extension of the weather generator WACS-gen
with a view towards the modeling of extreme values. For this we will benefit from recent
developments in the spatial modeling of extreme values (Bacro and Gaetan, 2012).
Regarding the dispersal studies presented above, research can be extended in many directions. Some of these directions concern the spatiotemporal versions of the models which have
been presented. Building a spatiotemporal model including the anisotropic dispersal with circular GRPs and a spatiotemporal model including group dispersal is easy. More challenging
is the study of the properties of these models (e.g. expansion speed) and the implementation
of accurate estimation techniques because the spatiotemporal models will include very large
sets of latent variables.
The models presented in this paper share the common concern to adequatly model rightskewed data and extreme values, such as extreme temperatures or extreme dispersal distances.
In relation to these statistical concepts is the agronomically oriented question of assessing
the impact of extreme or rare events: extreme droughts, extreme heat waves, fast or long
23

propagation of pests or new species.
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